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The successive time derivatives of relative entropy and entropy production for a system with 
a reversible first-order reaction alternate in sign. It is proved that the relative entropy for reactions 
with an equilibrium constant smaller than or equal to one is completely monotonic in the whole 
definition interval , and for reactions with an equilibrium constant larger than one this function 
is completely monotonic at the beginning of the reaction and near to equilibrium. 

In 1966, McKean arri ved at the supposition that successive time derivatives of entropy 
alternate in sign 1. This hypothesis was verified by numerical c'a1culations for some 
mechanical systems and dissociation in the gas phase2 (other literature is given in 
ref. 2

). 

The aim of the present work was to test McKean's hypothesis on the reaction entropy 
of a reversible first-order reaction A ~ B. In this case the entropy is known as an 
explicit function of time and the problem can be solved analytically. 

Reaction Entropy 

The following equation for the entropy, S(t) , produced by a reaction A ~ B under 
thermal equilibrium conditions (reaction entropy) can be derived from the postulates 
of thermodynamics of irreversible processes3

: 

(1) 

where Se denotes thc cntropy in equilibrium, nx(t) the concentrations of components 
X = A, B at t ime t, n~ their concentrations in equilibrium, and R the gas constant. 
The concentrations nx(t) can be determined as functions of time by integrating 
equations of the mass action law and using the initial condition nA(O) = no, nu(O) = 0: 

nA(t) = [no/(1 + K)] [1 + K.exp (-at)] , 

nu(t) = [noK/(l + K)] [1 - exp ( -at)] , 

(2a) 

(2b)' 
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where (X = kl + "2' kl is the rate constant of reaction A -+ B, k2 for reaction 
B -> A, and K = kdk2 is the equilibrium constant. By substituting (2a, b) into (l) 
we obtain the time dependence of the reaction entropy in the explicit form: 

Set) - Se = -[Rno/(1 + K)] [(1 + K .exp(-(Xt))ln(1 + K. exp(-(Xt)) + 

+ K(1 - exp (-(Xt)) In (1 - exp (-(Xt))] . (3) 

Properties oj Derivatives oj Relative Entropy 

A functionJ(t) is according to the definition4
•
5 completely monotonic in the interval 

a < t < b, jf it has here derivatives of all orders and 

(4) 

We shall introduce a new function, the relative entropy, which is, in the stochastic 
interpretation, analogous to SchlOgl's K function6

: 

H(t) = - (Set) - S.)/R = L nx(t) In (nx(t)/n~), (5) 
X : A.B 

and we shall examine if it fulfils the condition (4). 

For K ~ 1, the logarithmic terms in Eq. (3) can be expanded in series and substi~ 
tuted into (5) to obtain 

H(t) = [no/(l + K)] f exp [-(j + 1) (Xt] [K + (_K)J+l]fj(j + 1). (6) 
j : l 

By differentiating this series successively we obtain 

<XJ 

. L exp [-U + 1) (Xt] [K + (-K)l+l] U + q-lfj. (7) 
j:l 

This series is uniformly convergent in the interval 0 < h ~ t < 00 and its term wise 
differentiating is justified in this interval. Since all terms to be summed in Eq. (7) are 
positive for K < 1 (non-negative for K = 1), we have 

(8) 

i.e., H(t) is completely monotonic for K ~ 1,0 < h ~ t < 00. 
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The function H(t) can be writtcn in thc form 

(9) 
where 

H1(t) = [1 + K. exp ( - at)J In [1 + K. exp (-at)J - K . exp (-at) > 0, (lOa) 

H2(t) = ~[l - exp (-at)J In [1 - cxp (-at)] + K. exp (-at) > O. (lOb) 

That both these quantities are positive follows from the inequality z In z > z - 1, 

'" z > 0, z 9= 1. The function Hit) = K I [lfj(j + 1)J exp [ - (j + 1) atJ is com~ 
j = l 

pletely monotonic in the interval 0 < h ~ t < 00 . Differentiation of the function 
II l(t) leads to the result 

dnH1(t)!dtn = (- I)n o:n{K. exp (-at) In [1 + K. exp (-at)J + 
+ K2 exp (-20:t) Pn(K. exp ( - at))![l + K . exp (- o:t)Jn - l} , (11) 

where p,Jx) is a polynomial of degree 11 - 2 in x = K.exp (-at) : 

n - 2 

Pl(X) = 0 , Pn(X) = Ia\n)x i
, 11;;;:; 2, . (12) 

i = O 

and the coefficients are given by the recurrent formula 

a\"+1 l = C ~ 1) + (i + 2) aln) - (n - i - 2) a\':!l' 0 ~ i;;;; n - 1. (13) 

The polynomials P l(X) through P9(X) are listed below: 

Pl'<) = 0, P2(X) = 1, P3(X) = 3 + 2x, 

P4(X) = 7 + 8x + 3X2, Ps(x) = 15 + 20x + 15x2 + 4x3
, 

P6(X) = 31 + 34x + 46x2 + 24x 3 + 5x4 , 

P7(X) = 63 + 14x + 126x2 + 84x3 + 35x4 + 6xs , 

ps(x) = 127 - 204x + 477x 2 + 188x3 + 141x4 + 48x 5 + 7x6 
, 

P9(X) = 255 - 1240x + 2745x2 - 456x 3 + 505x4 + 216xs + 63x6 + 8x7 
• 

These polynomials are positive in the interval 0 ~ x < 00 and the time derivatives 
of Hl(t) alternate in sign. From this and from the complete monotonicity of H2(t) ' 
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it follows that the odd derivatives (n = 1,3,5, 7, 9) of H(t) are negative and the 
even ones (n = 2,4,6, 8) are positive for any K > 0 and 0 < t < 00. 

The absolute term of Pn(x) is positive for n ~ 1 and according to Eq. (13) equal 
to 2n

-
1 

- 1, hence for sufficiently large t values (x ~ 0) we have 

d"Hl(t)/dtn~ (-1ta"2"-IK2 exp(-2at), t~oo, (14) 

dnHz(t)/dt"~( - 1)"aI\2"-lKexp( - 2at), t~co, (15) 

and in the proximity of equilibrium we have 

d"H(t) /dtn ~ (-1)" 11 0a" 2"-IK exp (-2at) , t ~ 00. (16) 

This is in accord with Pritchard's hypothesis2 about the limiting behaviour of the 
entropy (In Id"S(t)/dtnl is in the limit for large t values a linear function of t). 

We define a new variable 

u = 1 - exp ( -at) . (17) 

In the interval 0 < t < 00 we have 0 < u < 1 and dtt/dt = a exp (-at) is a com­
pletely monotonic function. On introducing u into HI(t) and H2(t) we obtain 

II 1(t) + Hit) = g(u) = (i + K - KU)ln(1 + K - Ku) + Ku . lntt > 0 , (18) 

dg(u)/du = -Kln(l + K - KU) + Klnu < 0, 

d"g(tt)/dun = (-1)" (n - 2)! K[1/tt n
-

1 + 

+( -1)" Kn-J/(l + K - KU)"-l] , n ~ 2. 

(19) 

(20) 

For even fl , the expression in square brackets in Eq. (20) is positive in the interval ° < II < 1, for odd n it is positive if (1 + K - Ku)/Ku > 1, i.e., for K > 1 in the 
interval ° < u < (1 + K)/2K and hence for ° < t < (i/a) In [2K/(K - 1)], which 
corresponds to flA(t) > no/2. It follows from the rule about differentiation of compos­
ite functions that the composite function cp(I/I(I)) is completely monotonic if cp is 
completely monotonic and 1/1 is a positive function with a completely monotonic 
derivatives. The function H1(t) + H 2 (t) = g(tt(t)) fulfils these requirements for 

K > 1 in the interval 0 < t < U/a).ln [2KJ(K - 1)]. 

The entropy production due to chemical reaction in a time unit, dS(t)/dt = 

= - dH(t)/dt, is completely monotonic if the relative entropy H(t) is completely 
monotonic. It has been shown that the function H(t) has the property (8) for K ~ 1 
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in the interval 0 < h s t < a:J and for K > 1 in the mterval 0 < t < (I/a) . 
In [2K/(K - 1)] (i.e. , for nA(t) > 120/2) and in the limit t -> W (close to equilibrium). 
In the general case for K > 0, at least the first nine successive derivatives of H(t) 
alternate in sign in the interval 0 < t < 00 and the derivatives dnS(t)/dtn (n = 1, 
2, ... ,8) have no extremum. This generalizes numerical results obtained by Pritchard7 . 
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